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We study the dynamic behavior of a Bose-Einstein condensate (BEC) containing a dark soliton separately
reflected from potential drops and potential barriers. It is shown that for a rapidly varying potential and in
a certain regime of incident velocity, the quantum reflection probability displays the cosine of the deflection
angle between the incident soliton and the reflected soliton, i.e., R(θ) ∼ cos 2θ. For a potential drop, R(θ) is
susceptible to the widths of potential drop up to the length of the dark soliton and the difference of the reflection
rates between the orientation angle of the soliton θ = 0 and θ = pi/2, δRs, displays oscillating exponential
decay with increasing potential widths. However, for a barrier potential, R(θ) is insensitive for the potential
width less than the decay length of the matter wave and δRs presents an exponential trend. This discrepancy of
the reflectances in two systems is arisen from the different behaviors of matter waves in the region of potential
variation.
PACS numbers: 03.75.Lm, 03.75.Kk, 05.45.Yv
I. INTRODUCTION
Quantum reflection is a classically counterintuitive phe-
nomenon whereby particles are reflected from potential bar-
riers or wells without reaching a classical turning point [1, 2].
Such phenomenon has been observed in various systems, such
as atomic mirror [3–5], nanoporous media [6, 7], rough sur-
faces [8], and Si, BK7 glass surfaces [9]. Recent develop-
ments are extended to cold atomic system where quantum re-
flections of ultra-cold atoms appear on the potential of solid
surfaces [10, 11] as well as on the various structure, such as
graphene [12], semiconductor heterostructures and thin films
[13]. Since significent reflection occurs under the condition,
φ(k) = (1/k2)dk/dxs ∼ dλ/dxs ≫ 1 [9], where the local
wave number, k = 2pi/λ, depends on the de Broglie wave
length, λ, and xs is the normal distance from the atom to
the surface, the system of ultracold and quantum degenerate
atomic gases with large de Broglie wave lengths is an excel-
lent platform for experiments to study quantum reflection at
normal incidencewith large flexibility on the control of atomic
motion.
Solitons are self-reinforcing wavepackets, which maintain
its shape when propagating over long distances, and emerge
from collisions unaltered [14–16]. The existence of such lo-
calized wavepackets indicates nontrivial effects from nonlin-
ear interaction, and they have been observed in different sys-
tems, including water waves [17], plasmas [18, 19], and non-
linear optics [20, 21]. Theoretically, solitons in nonlinear me-
dia were described numerically [22] and analytically [23] half
a century ago, and have been confirmed in different fields such
as oceanography, biology, and fiber optics. Afterwards, the
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atomic solitons were also investigated in various platforms,
such as optical systems [24], mangetic films [25], and waveg-
uide arrays. Recently , solitons in ultracold atomic system,
e.g., Bose-Einstein condensate, have attracted much attention.
Especially, such soliton can theoretically be interpreted well
by the well-known Gross-Pitaevskii (GP) equations [26, 27].
Experimentally, a matter-wave soliton with a phase difference
of pi can be generated readily by appropriate phase imprinting
[28, 29], density engineering [30], sweeping a dipole potential
through the condensate [31, 32], as a consequence of quan-
tum shock, and from the local minima of interference fringes
[33, 34].
In recent years, a great deal of experimental and theoret-
ical work has been involved with the quantum reflection of
condensates. Conventionally, the incident velocity of the con-
densate has a significant effect on the reflection process, and
when the velocity of the condensate is low, an abnormal re-
flectivity are observed experimentally [6, 11]. Moreover, apart
from the light and single-atom reflections, the interaction be-
tween atoms is verified to be a key factor for atomic cloud re-
flection and diffraction [35]. The nonlinear excitation in the
condensate, such as solitons and vortices, arisen from inter-
atomic interaction can destroy the cloud structure when the
condensate interacts with the solid surface or the gaussian po-
tential [36, 37]. Due to the surprising robustness of bright
matter-wave solitons, its collision and associated regions of
chaotic dynamics have been addressed [38, 39]. Also the quan-
tum reflection of such bright solitons are discussed intensively
[15, 40]. For matter-wave dark solitons, a recent theoretic
work has shown that there exist some dissipationwhen they are
reflected from soft walls [41]. A latest work also shows that
the orientation of a 2D dark soliton can affect significantly the
reflection probability of the condensate from a sharp potential
barrier[42]. However, the essential factors for such influence
have not been presented. Moreover, the influence of a 2D dark
soliton, especially its structure, subject to a potential well on
2the quantum reflection has not yet investigated. Correspond-
ingly, the underlying mechanism of a BEC with a dark soliton
reflected separately from potential well and potential barrier is
still not clear. In this paper, we investigate the dynamic behav-
ior of a 2D disk-shaped Bose-Einstein condensate containing
a dark soliton separately reflected from the potential drop and
the potential barrier. We try to find the influence of the orien-
tation angle of the dark soliton, the structure of potential and
the width of the potential on the quantum reflection rate. Af-
terwards, we further used dynamic images to reflect the physi-
cal mechanism through numerical simulation. The underlying
mechanism of the quantum reflection is discussed intensively.
II. METHOD AND SIMULATION SCHEME
We consider a BEC containing N 23Na atoms, which are
initially trapped by a harmonic trapping potential of the form
Vh(x, y, z) = m(ω
2
xx
2 + ω2yy
2 + ω2zz
2)/2. Here we chose
the trap frequencies to be ω = ωx = ωy = 2pi × 10Hz and
ωz = 2pi×100Hz so that the trap frequencies in the z direction
are much larger than that in the x and y directions. Hence, the
system can be treated as a disk-shaped 2D condensate. The
dynamics of such system at zero temperature is well described
by the 2D time-dependent Gross-Pitaevskii equation,
i~∂tψ = − ~
2
2m
ψ + V (x, y)ψ + g2DN |ψ|2 (1)
whereψ(x, y, t) is the temporal condensate wave function and
the number of atoms,N , is chosen to be 1.8×104 in our calcu-
lation. g2D = 2
√
2pi~ωzasaz is the 2D coupling constant with
the s wave scattering length as = 2.9nm. The radial and ax-
ial oscillation lengths are a0 =
√
~/mω and az =
√
~/mωz
respectively. The ground state of dark soliton is obtained by
the imaginary time evolution of GP equation, where a pi phase
step is compulsively added into the condensate wave function
so that two stable density halves are formed. To get a prevalent
insight about the interaction between dark soliton and potential
surface, we consider general potentials with the form,
V (x, y) =


Vh(x, y, 0) x < 0
h x ∈ [0, d]
0 x > d
(2)
where h > 0 and h < 0 are the intensity of the potential step
and potential drop, respectively. d is the width of the barrier
or well.
We consider two different potential profiles: potential I
[Fig.1 (a)] is the potential barrier of width d; potential II [Fig.1
(b)] is a potential well of width d. The sharp potential choosen
here have fulfill readily the quantum reflection condition and
make the reflection of solitons prominent. Thus it enables us to
identify the key physical processes that occur when BEC expe-
riences reflection, and thus sharpen the understanding needed
for experimental studies to explain BECs with solitons re-
flected from the more complex semiconductor surface poten-
tial or nanostructure potential. In the middle of the harmonic
trap, the center-of-mass of the condensate is placed at the po-
sition which away from the trap center (∆x, 0). Due to the
FIG. 1. A schematic view of a condensate containing a dark soliton,
whose center-of-mass is away from the potential step (a) and poten-
tial drop (b) with distance ∆x in the x-axis. The top view of the
initial density distribution of the condensate under one set of specific
parameters (θ = pi/4) (c) and its correspond phase diagram (d).
variation of trap potential, the condensate cloud is driven to
move toward the region of lower potential where the potential
barrier Fig.1(a) and potential drop Fig.1(b) occur, which allow
us to study the reflection process of the condensate containing
a dark soliton. Fig.1(c) and (d) show a typical density distri-
bution and phase diagram of the initial state of a condensate
with θ = pi/4 containing a dark soliton, respectively. When
the solitons are initially imprinted in the condensate, we can
freely adjust the angle of orientation θ between the dark soli-
tons and the positive x-axis. To derive the dimensionless GP
equations, we use x0 =
√
~
mω
, t0 = 1/ω, E0 = ~ω as unit
of length, time, energy, respectively. Note that in the region
of potential drop, the velocity of the condensate wave is much
larger than the incident velocity so a sufficiently small grid size
is desired to avoid the distortion arisen from finite size scale.
To explore the role of dark soliton in quantum reflection of
BEC from the potentials, it is required that the lifetime of dark
soliton should be larger than the timescale of reflection pro-
cess. Since the dark soliton in 2D BEC is generally unstable,
it will eventually decay into vortices due to snake instability.
This indicates that the complete quantum reflection should ap-
pear before the distortion of the dark soliton. My latest work
shows that the lifetime of dark soliton either located in the side
area of 2D BEC or with quantum noise is still larger than the
timescale of reflection process. Also we note that the stability
of 2D dark soliton in trapped BEC is still an interesting topics
on its own.
III. RESULTS AND DISCUSSION
As stated in [43, 44], the center-of-mass velocity and in-
teratomic interaction of condensates play an important role in
3the formation of interference and dynamic excitation. These
two factors determine the time scales of interference and dis-
tortion as well as the competition of two time scales. Here,
the quantum reflection of the condensate comes with quantum
interference and possible nonlinear excitation, which indicates
the center-of-mass velocity and interaction are also critical fac-
tors. As the condensate moves toward the trap center, its aver-
age incident velocity at the edge of the potential well or barrier
is approximately, v¯ ≈ ω
√
∆2x +∆
2
y . Previous research shows
that at low incident velocity and high density, the interference
time of the BEC is extendedwhile its distortion time is reduced
significantly, as a result that dark solitons and votices are cre-
ated in the process. Although the interaction has little effect on
refection rate, it causes the fragmentation of the BEC and in
the threshold of experimental measurement, the low reflection
rate is obtained [10].
Here, we further study the quantum reflection of BECs
containing dark solitons from rapidly varying potentials, and
specifically concentrate on the role of structure pattern of the
nonlinear excitations in such reflection process. To demon-
strate explicitly our findings, we define the reflection rate as
R(t) =
1
N
∫ 0
−L
2
∫ L
2
−L
2
|ψ(x, y, t)|2dxdy (3)
where L is the system size chosen for calculations. We de-
note byRs the asymptotic reflection probability after the con-
densate cloud has been completely reflected by the potential.
When the height or depth of the potential, |h|, is enough large,
the BEC undergoes the elastic reflection with Rs = 1. In
principle, the quantum reflection from two different potentials
along x direction is only dependent on the velocity in x direc-
tion. While, for interacting system , the reflection definitely
depend on the velocity in y direction, i.e., ωy∆y .
Our latest work shows that when a BEC with a dark soli-
ton reflects from a potential barrier, its asymptotic reflection
probability, Rs, is highly sensitive to the orientation angle θ
of the soliton [42]. Here we further consider the behavior of
such BEC, which is reflected from potential well. We find that
althoughRs is still sensitive to the orientation angle in the sys-
tem of potential well, the variation of Rs as the function of θ,
i.e.,R(θ), is strongly dependent on the width of potential drop.
In Fig.2 (b), for d = 4.2x0, when θ varies from 0 to pi, Rs for
potential well increases initially, reaches the maximum value
at θ = pi/2, and finally decrease to the initial value. While
for d = 4.7x0, the variation of Rs in terms of θ is completely
opposite, which is similar to the case of potential barrier. This
is in contrast with the reflection behavior from potential bar-
riers (see Fig.2 (c) and Fig.3 (b)), which is immune against
the width of potential barrier. The essential mechanism for
such discrepancy will be demonstrated in later characteristic
dynamics.
Through much simulation, we find that for both potential
wells and potential barriers and in a certain regime of inci-
dent velocity, the asymptotic reflection probability always has
the cosine form of the deflection angle between incident soli-
ton and reflected soliton, i.e., Rs ∼ cos 2θ. It is distinguished
from the reflection of oblique incident waves, where the re-
x
FIG. 2. (Color online) Dynamics of a BEC containing a dark soliton
(a). The typical density plots show that the initial matter wave soliton
with orientation angle θ (i) incidents separately on a potential drop
(ii) and potential barrier (iii). The asymptotic reflection rate Rs(θ)
of the BEC, reflected separately from potential drop (b) and potential
step (c). The red curve with squares and the dark curve with circles in
(b) are from numerical solutions and correspond to the width of the
potential drop d = 4.2x0 and d = 4.7x0, respectively, and identical
parameters: h = −180E0, ∆x = 7.05x0. The line curves are the
analytic fitting from the ansatz Rs = R0 +Rse cos 2θ: R0 = 0.419
and Rse = −0.044 (blue dashed line) and R0 = 0.365 and Rse =
0.106 (green dotted line). Similarly, the curve with squares in (c) is
from numerical results for d = 5.64x0, h = 40E0, ∆x = 7.05x0,
and the solid line is from the ansatz for potential barrier with R0 =
0.935 and Rse = 0.045
.
flection probability is proportional to the normal velocity, e.g.,
Rs(θ) ∼ sin θ for our system. This indicates that the inter-
action between reflected component and incident component
of the matter-wave dark soliton may be an essential factor for
the quantum reflection. We note that since the strong diffrac-
tion emerges for quantum reflection from potential drops (see
Fig2.(a) (ii)), the deflection angle does not fulfill 2θ exactly
and correspondingRs(θ) does not fit as perfectly as potential
4barriers (see Fig2.(a) (iii) and (c)).
FIG. 3. (Color online) Top: The reflection probability, Rs, as the
function of the widths of potential drop (a) and potential barrier (b).
Line-and-marker curves show the case of the condensate containing
dark solitons with three different orientations for θ = 0 (red circles),
θ = pi/4 (black squares) and θ = pi/2 (blue triangles). Bottom:
The variation of the reflection probability, δRs = Rs(θ = pi/2) −
Rs(θ = 0), as a function of the widths of potential drop (c) and
potential barrier (d). The solid curve with squares in (c) is from nu-
merical calculation for h = −180E0 and ∆x = 7.47x0, and dotted
curve is the fitting from an oscillating exponential function, δRs =
−0.74 exp (−0.32d) sin (3.42d − 9.38). Similarly, the solid curve
with squares in (d) is from numerical results of the width of the bar-
rier for h = 40E0, ∆x = 7.05x0, and the dotted line is from the
ansatz for potential barrier with δRs = 0.09 exp(−1.67d) − 0.09.
Fig.3 shows the influence of the width of rapidly varying
potentials in the quantum reflection probability of the mat-
ter wave including a dark soliton. We find that when the
width of the potential drop is less than the length of the soli-
ton (or the condensate), i.e., d < 11.34x0, the reflection
probabilities, Rs, for different orientation angle are sensitive
to d and displays oscillating exponential decay. While for
d > 11.34x0, Rs are immune against d and approach iden-
tically a nonzero constant. For a potential barrier, since the ki-
netic energy of the incident wave is less than the barrier height,
i.e., 1
2
mω2(∆x)2 < h, there exists an exponential decaywave,
e−αx in the region of the potential barrier. Here α is approxi-
mately equal to
√
2m(V − E)/~2 = 5.5/x0 for Fig.3 (b) and
(d), it indicates the wave decays nearly zero when x = x0,
i.e., e−αx0 = 0.0041, which matches Fig.3 (b) well where Rs
tends to a stable value when d > x0. Therefore, we argue that
when d is less than the decay length of the matter wave in the
barrier, the orientation of the dark soliton has trivial effect on
Rs while becomes significant when d is larger than the decay
length. Moreover, Fig.3 (c) and (d) show that the variation of
reflection probabilities δRs = Rs(θ = pi/2) − Rs(θ = 0)
for two system display distinct behaviors: ∆Rs shows an os-
cillating exponential decay into zero for a potential drop while
displays an exponential decay into a nonzero constant for a po-
tential barrier. It can be also seen that the quantum reflection
ofmatter-wave dark soliton from the potential drop is very sen-
sitive to the small region of potential length and δRs can varies
up to 0.25 (1means a total reflection), while the reflection from
the potential barrier is insensitive to small d and δRs decreases
monotonically to a constant with increasing d. This indicates
that there exist two mechanism for the quantum reflection of
the condensate containing a dark soliton [45]: for potential
drops, the length of matter-wave dark soliton determines the
sensitive width of potential drops; for potential barriers, the
decay length of the matter wave in the region of the barrier
qualifies the sensitive width of the barrier.
FIG. 4. Top two rows: The temporal density distribution of the BEC
containing a θ = pi/2 dark soliton and reflected from potential drop
of different widths. The depth of the potential well is h = −180E0,
and the widths of the potential well in (Ia)-(Ic) and (IIa)-(IIc) are
d = 4.2x0 and d = 4.7x0, respectively. Bottom two rows: The
temporal density distribution of the BEC containing a dark soliton
with orientation angle θ = pi/2 and θ = 0 interacting with the po-
tential barrier, respectively. Here, its width is d = 0.28x0 and its
height is h = 100E0. The regime between two solid white lines in
(Ib) and (IIb) as well as (IIIb) and (IVb) indicate the case of potential
well and the barrier, respectively. The points of time are t = 0.00t0
((Ia), (IIa), (IIIa), (IVa)), t = 1.12t0 ((Ib), (IIb)), t = 1.84t0 ((Ic),
(IIc)), t = 2.40t0 ((IIIb),(IVb)) and t = 3.68t0 ((IIIc), (IVc)).
Conventional quantum physics shows that the incident wave
with the energy E and velocity
√
2mE/~ leads approxima-
tively to the transmitted wave with velocity
√
2m(E − V )/~.
Here V > 0 for potential barriers and V < 0 for potential
drops. For potential drops, V < 0 and E − V ≫ E in our
simulation, indicating that the velocity of the transmitted wave
is much larger than the velocity of the incident wave as well
as the reflected wave. Due to the interatomic interaction and
5the absence of confinement potential in the area of drop, the
transmitted wave can expand significantly in a short time. As a
result, an interference pattern with very small fringe spacings
occurs in a relatively large condensate wave packet. This is in
contrast with the system of potential barriers, where the small
condensate wave packet contains an interference pattern with
large fringe spacings. Furthermore, the interatomic interaction
causes the change of the reflected component of the conden-
sate in shape, which is very different from the incident com-
ponent. Also the transmitted component distinguishes from
the reflected component, so the matter wave reflection is not a
strict specular reflection.
To explore the discrepancy of the reflection behavior in the
potential drop and potential barrier, we study the time evolu-
tion of the condensate density distribution as shown in Fig.4.
For d = 4.2x0, the transmitted wave and the reflected wave
in the region of potential drop (see the bracketed area by two
white lines in Fig.4(Ib)) produce an interference pattern with
small fringe spacings. Due to the proper width of potential
drop and interatomic interaction, the valley of the matter-wave
packet, i.e., a low-density area, emerges in the drop region and
increases the effective depth of the potential drop, thus enhanc-
ing the quantum reflection. By contrast, for d = 4.7x0, the in-
terference of the matter wave causes the peak of the wave pack-
age, i.e., a high-density of area, to occur in the region of poten-
tial drop (see Fig.4 (IIb)), which reduce the effective depth of
the potential drop and thereby suppress the quantum reflection.
Therefore, it demonstrate that the interference pattern as well
as interatomic interaction are critical factors for the quantum
reflection of the condensate containing a dark soliton from the
potential drop. Moreover, for the reflection of the BEC from
potential barrier, the transmitted velocity in the region of bar-
rier (see the bracketed areas in Fig.4(IIIb) and (IVb)) are much
smaller than the incident velocity during the transmission pro-
cess, so there do not exist wave knots and complex interfer-
ence pattern. As a result, the reflection behavior is immnune
against the small barrier width. But for different orientation
angle of the dark soliton, the quantum reflection for both sys-
tems is still sensitive. The bottom two rows show the reflection
process of the condensate with different orientation from the
same potential barrier. When the soliton orientation is par-
allel to the barrier surface (Fig.4(IIIa)) and during the reflec-
tion process, the soliton structure tends to prevent the return of
the reflected wave by barriers due to its self-reinforcement and
thus reduces the reflection rate (Fig.4(IIIb)). Note that there
exist two reflected waves from the potential barrier. While for
θ = 0 the influence of the dark soliton on the reflected waves
are trivial and closer to the case of no soliton (see Fig.2 in [42])
and thereby the reflection rate will increase. Therefore, when a
BEC containing a dark soliton is reflected from a potential bar-
rier, the reflection probability for θ = pi/2 is smaller than the
one for θ = 0 (see Fig.2(c)). From Fig.4 ((Ic), (IIc)), one can
also see that after the condensate contacts with the potential
well, the transmitted component of the matter wave contains
a dark-soliton structure with the life time longer than the re-
flected component, indicating the stability of the dark soliton
passing through a potential drop as topological excitation.
Next we explore the effect of the expansion motion of the
FIG. 5. (Color online) The reflection probability of the BEC dom-
inated by expansion motion as a function of the orientation of the
soliton. Different line-and-maker plots indicate the condensate in dif-
ferent initial traps: ω = 4ω0 (squared line); ω = 6ω0 (circular line);
ω = 8ω0 (diamond line)
condensate containing a dark soliton with different orienta-
tion angle on its quantum reflection. To obtain the expansion-
dominated BEC, we create BEC under different initial traps:
ω = 4ω0, ω = 6ω0 and ω = 8ω0. At time t = 0, we
suddenly displace the harmonic trap by a distance 2.83x0 and
change its trap frequency to ω0. Thus the condensate expands
rapidly when it is accelerated toward the potential well. Fig.3
shows the reflection probability of the expansion-dominated
BEC, Rs, with respect to different orientation angle θ. It can
seen clearly that the reflection rate is still sensitive to the orien-
tation of the dark soliton; the variation ofRs is up to 0.05. The
behavior of expansion motion on Rs is opposite to the one of
c.m. motion onRs. In the expansion-dominatedprocess, from
θ = 0 to pi/2,Rs here decreases gradually and approaches the
minimum value at θ = pi/2. After θ varies from pi/2 to pi, Rs
increase gradually. Moreover, the larger expanding speed, the
smaller Rsfor the same θ.
IV. EXPERIMENTAL PARAMETERS AND SUMMARY
With regard to the matter-wave dark soliton with adjustable
orientation angles, it may be prior to produce it by combining
the condensate in a double potential well with the phase im-
printing [28, 29, 46]. The sensitive widths of potential wells
and barriers for the dark-soliton condensate are approximately
the length of the soliton and the decay length of the matter
wave in the region of potential barrier, respectively. Accord-
ing to our system, where a quasi-2D condensate is produced
under the parameters ω = 2pi × 10Hz, ωz = 2pi × 100Hz,
N = 1.8 × 104, the length of the dark soliton is 11.34x0 ≈
75µm and the decay length is approximately the order of
x0 ≈ 6.6µm. Curret cold-atom experiments can achieve box-
like potential with length varing from several micrometers to
hundreds micrometers [47, 48], so the potential drops can be
realized in current experiments. Also we can increase the size
6of the condensate via the trap potentials and interatomic inter-
action to fulfill the experimental requirment.
In summary, we have investigated some crucial factors that
influence the reflection probability of a dark-soliton conden-
sate. In particular, the widths of the potential well and barrier
have a great influence on the change of reflection. They are de-
termined, respectively, by the length of the dark soliton and the
decay length of the matter wave in the region of the potential
barrier. Furthermore, we find that for a rapidly changing po-
tential, the quantum reflection probability is represented as the
cosine of the deflection angle between the incident soliton and
the reflected soliton within a certain range of incident veloc-
ity, namely R(θ) ∼ cos 2θ. The sensitivity of reflection prob-
ability on the orientation of soliton may permit experiments to
detect the existence of a dark soliton and probe the possible
structure of soliton. Since the BEC with a dark-soliton profile
is much susceptible to potential drops than potential barrier for
a certain width up to the order of the width of the condensate,
this suggests that a potential dropmay be a desirable candidate
for new devices used to detect the nonlinear excitation. Our re-
sults may provide a general view about the micro-mechanism
of atoms on solid surface potential, for example, semiconduc-
tor surfaces, graphene surfaces or nanostructures.
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